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MECHANICAL D BRANES AND B FIELDS
MARK STERN
Abstract. We represent B fields and higher p-form potentials on a
manifold M as connections on affine bundles over M . We realize D
branes on M as special submanifolds of these affine bundles. We check
the physical relevance of this representation by showing that the prop-
erties of the resulting branes closely correspond to those of their string
theory counterparts. As a simple application of this geometric under-
standing of the B field, we show how to obtain certain supersymmetry
algebra deformations induced by 2 and 3 form potentials.
1. Introduction
In this note we represent B fields and higher p− form potentials on a man-
ifold M as connections on affine bundles over M . We find that a p−form
potential arises as a connection on an affine bundle locally modelled on either∧p−1 T ∗M , discrete quotients of
∧p−1 T ∗M , or on
∧p T ∗M . The represen-
tation on the locally
∧p−1 T ∗M affine bundle requires the field strength of
the potential to vanish in cohomology, the
∧p T ∗M representation leaves
the field strength unrestricted, and the discrete quotient construction both
restricts the field strength to lie in a discrete subgroup of the cohomology
and restricts the geometry of M .
This simple geometric interpretation of p− form potentials is inspired by
string theory but not directly derived from it. Hence, we are forced to con-
sider the question of whether this representation is physically germane. In
order to address this question, we include D branes and some rudimentary
form of supersymmetry algebra into our model and study whether the rela-
tions between potentials, branes, and susy algebra corresponds to our string
theory expectations. The representation of D-branes is fairly natural but
the representation of the susy algebra is far from unique. This nonunique-
ness is to be expected, given the variety of theories in which these objects
appear, but restricts the definiteveness of some of our results. Even with
this difficulty, our model strikes amazingly close to string theory in many
ways.
For B fields realized as connections on affine cotangent bundles, denoted
T ∗BM , we model D branes by holonomic submanifolds Z of T
∗
BM with
dim(Z) = dim(M). Generically, these branes can be identified with sub-
manifolds of M equipped with a gauge field for a line bundle, or in the case
of multiple parallel (in the fiber) branes, a gauge field for a higher rank
vector bundle. To study the branes more closely, we assume that M has an
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almost complex structure and construct an algebra generated by zero order
and first order differential operators, analogous to an N = 2 superconformal
vertex algebra. The commutation relations for the supercharges impose the
standard geometric constraints on M : integrability of the complex struc-
ture, compatibility of the complex structure and the metric, and equality of
the torsion 3 form with i(∂ − ∂¯) of the Kahler form. The field strength of
the B field, however, satisfies a relation with the torsion, which is slightly
twisted from the expected one. In order to implement this algebra without
overly constraining the geometry ofM , we are led to consider families of de-
formations of this algebra. These operator deformations can be interpreted
as deformations of the affine structure of the bundle, replacing it with more
complicated geometries, which to first approximation can range from the
geometry of the neighborhood of the diagonal in M ×M to classical analogs
of noncommutative geometry.
We define a supersymmetry algebra on the brane Z by orthogonally pro-
jecting the supercharges onto Z. For these models we find, as usual (see for
example [4],[12], [18], and references therein), that imposing supersymme-
try constraints forces B type branes to correspond to holomorphic subman-
ifolds equipped with a holomorphic bundle or more generally, a coherent
sheaf. Moreover, we find possible geometric interpretations of D branes cor-
responding to exact sequences of coherent sheaves. We also examine a B
brane cohomology associated to our B brane data which we suspect may
be related to ”stringy cohomology”. For C2/Z2, we argue (completely non
rigorously) that the discrepancy between the dimensions of the usual coho-
mology and the B brane cohomology is given by the dimension of the kernel
of a superharmonic oscillator naturally arising when we attempt to deform
one cohomology theory to the other, giving the same discrepancy in this
single case as given by the stringy cohomology.
The A branes in our model correspond to coisotropic (with respect to
the almost Kahler form) submanifolds of M , equipped with a vector bundle
whose curvature satisfies familiar constraints (see [10]). When the brane Y
is Lagrangian, the curvature is twice the B field (restricted to Y ). In the
higher dimensional coisotropic case, we find that the B field, curvature, and
symplectic form restricted to Y satisfy a slight twist of the relations found
by Kapustin and Orlov (loc cit). The method of orthogonally projecting
the supercharges onto Z is not unique. We consider two natural procedures.
One leads to the additional condition that the A-brane corresponds to a
special Lagrangian submanifold. The second method imposes instead the
condition that the brane correspond to a totally geodesic submanifold whose
gauge field also determines a Killing vector field (possibly 0).
At several points in the analysis of the representation of B fields by affine
connections, we find that it is natural to consider B fields varying in the fiber
of the affine bundle. This leads to field strengths which are not naturally
defined on M . In simple examples, Chern Simons terms must be added
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to the field strength in order to obtain a well defined 3 form on M . This
suggests that the constructions here may also be useful for anomaly analysis.
The construction of B fields as connections also shows immediately how
these B fields deform supersymmetric Yang- Mills theories. Although these
deformations can be shown to lead to the noncommutative supersymmetric
Yang-Mills in the large B limit (see [17]), they are more naturally given
as the commutative formulation of this theory. Thus the realization of B
fields as affine connections leads to a deformation which is analogous to the
image of the Seiberg-Witten map ([17]). It would be interesting to see what
deformations are defined by the other p-form potentials. We examine briefly
deformations of supersymmetry algebras associated to 3 forms. These turn
out to be most tractable when one restricts attention to 6 dimensions and
assumes the 3 forms are self-dual or anti-self dual. In this case, we show
that the inductive procedure for transforming the commutative formulation
of the deformation to a noncommutative formulation (an ”inverse Seiberg-
Witten map”) yields at first order a noncommutative product of one forms
which is similar to the Poisson bracket. There is an obstruction to extending
this noncommutative formulation to higher order.
Geometric realizations of B-fields from a different perspective have been
considered in [7] and [8]. For a more abstract perspective see for example
[2] and references therein.
The remainder of this paper is organized as follows. In section 2, we
construct the affine form bundles and show how p-form potentials may be
realized as connections on them. In section 3, we define holonomic sections
of the affine bundles and define D branes as holonomic submanifolds of
the affine bundles. In section 4, we define the supersymmetry algebras
we use and check that they impose standard geometric constraints on M .
When they impose excessive constraints, we show how to interpret the extra
constraints as defining modifications of the operators instead of constraining
the geometry. In section 5, we define BPS branes and examine the structure
of A and B type branes. In section 6, we discuss, in the context of examples,
the role of singular branes in understanding the distinction between vector
bundles and more general sheaves in B branes. We also speculate about
realizing stringy cohomology as a B brane cohomology. Finally, in section 7,
we use the geometric understanding of 2 and 3 form potentials to construct
deformations of supersymmetry algebras.
2. Connections on affine bundles
In this section, we consider a geometric interpretation of the represen-
tation in [19] of B fields as connections on spaces of partial differential
operators. We ”dequantize” the partial differential operator representation
and consider instead connections on affine bundles modelled on T ∗M , for
some Riemannian manifold M .
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Let π : T ∗M → M denote the natural projection map. Because a choice
of coordinates (xi) on M induces a choice of coordinates (x, p) on T ∗M ,
there is a coordinate dependent lift of the vectorfield ∂
∂xi
(and therefore any
vectorfield) on the base to a vectorfield, also denoted ∂
∂xi
, on T ∗M . The
Riemannian metric and Levi Civita connection on M induce a metric on
T ∗M and therefore allow us to define a coordinate independent lift
X → Xh,
from tangent vectors onM to tangent vectors on T ∗M . HereXh is defined to
be the unique vector on T ∗M satisfying dπ(Xh) = X, and Xh is orthogonal
to the tangent space of the fibers of T ∗M . In local coordinates, Xh is given
by
Xh = X − pj(∇Xdxj)( ∂
∂xs
)
∂
∂ps
.
In particular,
(
∂
∂xi
)h =
∂
∂xi
+ pnΓ
n
is
∂
∂ps
.
Here we are using the same symbol to denote a vector field on the base and
its coordinate determined lift to T ∗M . We note that the metric on T ∗M is
given by
gijdx
i ⊗ dxj + gij(dpi − pmΓmikdxk)⊗ (dpj − pnΓnjpdxp).
We now wish to relax the vector bundle structure of T ∗M to an affine
structure. Hence, we introduce new coordinate transformations acting as
translations in the fiber. These transformations are of the form (x, p) →
(y, q) where y = x and
q = p+ λ,
for a locally defined 1 form λ. Comparing the coordinate defined lifts in
these coordinate systems, we see that
∂
∂xi
=
∂
∂yi
+ λs,i
∂
∂qs
.
We may also rewrite this as
∂
∂xi
+ pnΓ
n
is
∂
∂ps
=
∂
∂yi
+ qnΓ
n
is
∂
∂qs
+ λs;i
∂
∂qs
.
Thus the horizontal lift is no longer well defined independent of coordinate
system. To correct this, fix a locally defined 2 form b and 1 form µ on
M . Define a lift of a vector field X to a vector field Xb,µ as follows. In a
coordinate neighborhood, define
Hi := (
∂
∂xi
)b,µ :=
∂
∂xi
+ (µi,k + bik + (pn − µn)Γnik)
∂
∂pk
.
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This extends linearly to a lift Xb,µ (or simply Xh when (b, µ) is un-
derstood) of an arbitrary vector field X, which is clearly independent of
coordinate system (x) on M .
Consider now an affine change of coordinates y = x and
qk = pk + λk(x).
Then Hk transforms as
(
∂
∂xk
)b,µ = (
∂
∂yk
)b+dλ,µ+λ.
Thus, if we take (b, µ) to be affine coordinate dependent, transforming as
(b, µ)→ (b+ dλ, µ+ λ),
then the lifts Hi are well defined independent of the coordinate system. We
denote such an affine bundle determined by the local data B = (b, µ) by
T ∗BM.
We interpret the Hi as horizontal lifts. Hence the pair (b, µ) becomes part
of the metric data on T ∗BM .
Note that the canonical symplectic form dxk∧dpk is no longer well defined
if we allow pk to vary in this fashion, as
dxk ∧ dqk = dxk ∧ dpk − dλ.
The natural extension of the symplectic form to this context is given by
ωB := dx
k ∧ (dpk − Vikdxi),
where
Vik := µi,k + bik + (pn − µn)Γnik.
These structures are related to connections on line bundles. Let L be a
line bundle with transition functions given by the gαβ . Then any connection
D on L can be written in local coordinates on each coordinate domain Uα
as
D = d+ aα,
where the connection one forms aα satisfy the usual transformation rules
aβ = aα + λ
αβ ,
with
λαβ = (gαβ)−1dgαβ .
Hence, the connection forms are not sections of a vector bundle but of an
affine bundle. A B field is the additional data of a connection on this affine
bundle of connections.
Observe that the λαβ satisfy the cocycle relation
(1) λαβ + λβν + λνα = 0.
As discussed in [19, Section 11], this cocycle condition implies that the two
form gauge field b must have cohomologically trivial flux H = db. In order
to treat the case of nontrivial H, we must relax the cocycle condition.
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2.1. Discrete quotients. In order to realize a relaxed cocycle structure
geometrically, we replace our local model T ∗Uα by equivalence classes of 1
forms. In [19], we interpreted this to mean that we must replace connections
by gauge equivalence classes of connections. However, less drastic equiva-
lence classes may be considered if the base manifold has more structure. For
example, suppose that T ∗M contains a discrete subbundle L whose fibers
Lx are discrete abelian subgroups of T
∗
xM . We assume that L is compatible
with the connection. In particular, it spans a flat vector subbundle. Then we
consider an affine bundle locally modelled on the quotient bundle T ∗M/L.
The cocycle condition becomes
(2) λαβ(x) + λβν(x) + λνα(x) ∈ Lx,
and H need not be cohomologically trivial.
The preceding construction requires that M locally have a Euclidean fac-
tor and is thus suitable, for example, if M is of the form M = T k × N . It
is important to modify this construction so that we can consider quotients
without passing to full gauge equivalence classes and without imposing such
strong assumptions on the local geometry. For example, suppose we assume
only that M has a nontrivial Killing vector with metrically dual one form
K, and consider quotients of T ∗M by the additive subgroup generated by
K. Let Φ denote the map of T ∗M given by (x, p)→ (x, p +K). Then
dΦp(Hi) = Hi(p+Kidx
i) +
1
2
(dK)is
∂
∂ps
.
Thus we cannot simultaneously impose the desirable conditions that Φ is
an isometry and that the projection map is an isometry when restricted to
the horizontal subspace. A simple modification of our construction which
removes this conflict is to remove the assumption that the B field is locally
the lift of a 2 form on M and to assume instead that it has the form
b˜(x, p) = b0(x) +
< p− µ,K >
2|K|2 dK.
Now db˜ is globally well defined on T ∗BM , but does not descend to a form
on M . Assume for simplicity that |K| = 1 is constant and choose local
coordinates so that Ki ∂
∂xi
= ∂
∂x0
. Then
db˜(x, p) = db0(x) + (dp0 − dµ0) ∧ dK/2.
If we use the metric to assign a form on M to the field strength via the map
dpi − dµi → gijdxj ,
then dp0 → K and
db˜(x, p)→ db0(x) +K ∧ dK/2.
Hence, we see that passing to discrete quotients forced us to introduce B
fields varying in the affine fiber. This in turn led to anomalous field strengths
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which can be interpreted as field strengths onM by the addition of a Chern-
Simons term to the original field strength.
2.2. Gauge equivalence classes. Following [19], we next consider quoti-
enting by gauge equivalence class. This makes sense as sheaves of sections
but not as bundles, since the relation A ∼ A + g−1dg is not defined point-
wise on open sets Uα. To remedy this, replace the local model T
∗Uα by
its first jet space, whose fiber at any x ∈ Uα consists of pairs (a, φ), where
a ∈ T ∗xU and φ ∈ Hom(TxUα, TaT ∗xUα). We use local coordinates (pk, p˜ji)
to denote a point in the fiber. The 1 jet associated to a section A of T ∗Uα,
with A = pkdx
k in local coordinates is then given by p˜ji =
∂pj
∂xi
. To approx-
imate the quotient of one forms by exact forms to first order, we drop a
and replace the two tensor p˜jidx
i⊗ dxj by the two form pjidxj ∧ dxi, where
pji = (p˜ji − p˜ij)/2. Our jet space approximating gauge equivalence classes
of connections then becomes the bundle of two forms.
A section of a jet space is called holonomic if it is the jet of a smooth
section of the original bundle. As our two forms were jets of 1 forms mod
exact forms, we should call a section holonomic if it is an exact 2 form
and locally holonomic if it is closed. Viewing T ∗M as the space of 1 jets
of functions, then its sections are holonomic if they are given by exact 1
forms and locally holonomic if they are given by closed 1 forms. Equip
T ∗M with its usual symplectic form, dxi∧dpi. Recall that a section of T ∗M
is a Lagrangian submanifold if and only if it is given by a closed 1 form.
Similarly, it is easy to see that a section of
∧2 T ∗M is locally holonomic if
and only if the pullback of W2 := dx
i ∧ dxj ∧ dpij to the section vanishes.
Hence, W2 may be viewed as the analog of the symplectic form on T
∗M .
We may define similar forms Wp := dx
i1 ∧ · · · ∧ dxipdpi1···ip on
∧p T ∗M .
We consider lifts of vectorfields X from M to
∧2 T ∗M . The horizontal
lift Xh of X is given by
Xh = dxi(X)
∂
∂xi
+ dxi(X)(ppkΓ
p
ij + pjpΓ
p
ik)
∂
∂pjk
.
Suppose we wish to allow affine changes of coordinates in this bundle
pjk → pjk + λjk,
where λ is a two form. Then we need to introduce a local 3 form c and a
local two form b and define the lift
XC,b = dxi(X)
∂
∂xi
+dxi(X)(bji,k+bik,j+cijk+(p−b)pkΓpij+(p−b)jpΓpik)
∂
∂pjk
.
Then this lift is well defined if when p→ p+ λ,
b→ b− λ,
and
c→ c+ dλ.
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We denote an affine bundle determined by the data C = (b, c) by
∧2 T ∗CM.
For unrestricted gauge parameters λ, this gives a geometric realization of 3
form potentials. On the other hand, if we restrict to bundles with transition
parameters given by exact λ = dv, then we may take c = 0 and locally have
the transformation rule b→ b+ dv. This yields a geometric realization of a
2 form potential with no restrictions on its field strength or the geometry of
M .
The extension of W2 to the affinized 2 form bundle is now given by
W2,C = dx
i ∧ dxj ∧ (dpij − Vkijdxk),
where
Vijk = bji,k + bik,j + cijk + (p− b)pkΓpij + (p− b)jpΓpik.
These constructions (either unrestricted or exact gauge parameters) are
readily generalized to obtain p− form potentials for arbitrary p.
3. Mechanical D branes
In the presence of a B field, we must modify our definition of a Lagrangian
or holonomic section.
Definition 3.1. Let Λ2 be a 2− form on T ∗BM which is the pullback of a 2−
form, also denoted Λ2, on M . A submanifold Z of T
∗
BM is Λ2-Lagrangian
or Λ2-holonomic if the pull back of ωB −Λ2 to Z is 0. Given a 3 -form, Λ3,
on
∧2 T ∗CM which is the pullback of a 3− form on M , we say a submanifold
Z2 of
∧2 T ∗CM is Λ3−holonomic if the pull back of W2,C − Λ3 to Z2 van-
ishes. Similarly, we may define Λp-holonomic submanifolds of affine p-form
bundles. We will frequently omit the prefix Λp when Λ is understood.
We propose that, given a choice of Λ, D branes in our model should be
given by n = dimM dimensional Λ− holonomic submanifolds. Let Xi(s, t)
denote coordinate functions of a string mapping into M . Here t denotes a
timelike coordinate. Under the rough correspondence
gijX
j
t → Hi, Xis →
∂
∂pi
,
a choice of holonomic submanifold corresponds to a choice of boundary con-
ditions for the Xi, at least when Λ = 0. (In fact, our original definition had
Λ = 0, but later computations suggested that this was too tight a constraint
and that perhaps D branes (not necessarily BPS) should be defined by an
open condition, as is given by introducing arbitrary Λ.) We will focus pri-
marily on the case of T ∗BM . (No quotients imposed unless otherwise stated).
Observe that the modified symplectic form ωB is nondegenerate but need
not be closed:
dωB = dVˆ ,
where Vˆ := Vikdx
i ∧ dxk. When Γ is torsion free then in µ = 0 local
coordinates, Vˆ = b, and we get
dωB = Hˆ,
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where Hˆ := db is the field strength of b. A local section, α(x) = pk(x)dx
k,
of T ∗BM , is Λ Lagrangian if and only if
dα = Vˆ +Λ.
Thus if Γ is torsion free and Λ = 0, we see that there are no Lagrangian
sections unless, in µ = 0 coordinates, Hˆ = 0. (There is, however, no topo-
logical obstruction to an affine bundle admitting a continuous section). In
flat space with a constant torsion tensor and Λ = 0, the condition that the
radial brane given by the section dr2 is Lagrangian is the familiar
Hˆ = −gnmdxnΓmikdxi ∧ dxk.
All the branes we are considering are n dimensional submanifolds of
T ∗BM
n. The designation of p− brane, however, should be reserved for those
Lagrangian submanifolds whose projection onto Mn is p dimensional.
In order to make detailed computations, we restrict ourselves to a large
(locally generic) class of branes Z. For Z connected, we assume that we may
choose local coordinates so that in each coordinate neighborhood, Z is (the
intersection with the coordinate neighborhood) of the conormal bundle of a
submanifold S of M . Under an affine change of coordinates in the fibers,
this local structure is replaced by the conormal bundle of a section of T ∗BM
over the submanifold S of M . Here the notion of ”conormal bundle of a
section” is defined by the equality of the two structures. More generally, we
allow Z to have components of the above form.
Once we have fixed affine coordinates identifying a component of Z with
the conormal bundle of a submanifold S, we no longer have the freedom to
set µi to zero for
∂
∂xi
tangent to S. Hence S comes equipped with a 1 form
whose exterior derivative is constrained by the Λ-holonomic condition to be
twice b−Λ restricted to S; in other words, a gauge field for a line bundle with
local frame. If Z has k components all of the form of a conormal bundle over
a fixed manifold S, then we may view S as equipped with a gauge field for
a sum of k line bundles. This data is not sufficient, however, to determine
Z. The relative positions of the components must also be fixed. This data
is given by globally defined one forms (not gauge). Hence the data is more
constrained than that of an arbitrary connection on a rank k bundle.
Consider next a section f = pjkdx
j ∧ dxk of ∧2 T ∗M . The pull back by
f of W2 is df and as previously noted, f is a holonomic section of
∧2 T ∗M
only if it is closed. In the presence of a c field, however, the pullback ofW2,C
under a local section f now vanishes if
df = dxi ∧ dxj ∧ dxkVijk.
When Γ is torsion free and Λ = 0, this gives
dxi ∧ dxj ∧ dxkVijk = c− 2
3
db,
and c must be closed. If c is zero, then appropriate multiples of b itself
provide holonomic sections.
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4. A supersymmetry algebra
4.1. The operators. In this section we define 4 differential and 2 algebraic
operators on sections of vector bundles over T ∗BM which are analogous to
the supercharges and the U(1) generators of the N=2 superconformal ver-
tex algebra associated to an almost complex manifold M equipped with an
almost complex structure J , metric g, associated 2 form ω, and conformal
factor eφ. These operators arise in the following fashion. Let Xj(z) denote
the coordinates of a string worldsheet in M . Let ψ and ψ¯ be associated
fermionic fields. Following [11, subsection 4.2] consider the supercharges
corresponding to
Q±(z) =
i√
32
g(ψ(z), ∂X(z)) ± i√
32
ω(ψ(z), ∂X(z)),
and
J(z) =
−i
2
ω(ψ(z), ψ(z)).
Write z = t + is with t a timelike parameter and s spacelike. In the
low energy approximation where we replace a string with a point particle,
Xit enters the associated quantum mechanics as ∇ ∂
∂xi
. Heuristically, the
following constructions may be thought of as replacing Xi(t, s) with its one
jet in the s variable before passing to the point particle approximation. It
would be interesting to examine the geometry of higher jets in the point
particle approximation. In [19], we saw that in order to obtain a quantum
mechanics on M which behaved nicely under T duality, it was necessary to
associate toXis an operator we denoted ad(x
i) which acted as a derivation on
partial differential operators. Then our quantum mechanics was defined on
spaces of partial differential operators or on connections. To obtain a more
geometric model, it is natural to replace ad(xi) by eφgis∇ ∂
∂ps
and ∇ ∂
∂xi
by
∇( ∂
∂xi
)h . Using this dictionary, we now obtain simple differential operators
modelled on the above charges.
Extend the almost complex structure operator J to TT ∗BM by requiring
it to commute with horizontal lift:
JHi = J
k
i Hk,
where J ∂
∂xi
= Jki
∂
∂xk
. The complex structure then has a natural extension
to the vertical tangent vectors given by the contragredient:
J˜
∂
∂pi
= −J ik
∂
∂pk
.
Following [5], we call this choice of complex structure on the vertical tangent
space the geometric complex structure. In general one may wish to consider
an arbitrary extension of the complex structure to this subspace.
Let ψ and ψ¯ be 2 elements of 2 (possibly distinct) Clifford (TM) modules.
Let γjψ and γjψ¯ denote Clifford multiplication of ψ by by dxj. Consider
a new module admitting a Clifford representation of these sections, γjψ
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and γjψ¯. Thus we assume that γjψ and γjψ¯ act as endomorphisms of this
module and these endomorphisms satisfy the Clifford relations
{γjψ, γkψ} = 2gjk|ψ|2,
and similarly for ψ¯. We assume that the the module is equipped with a
compatible connection ∇. In particular, we assume that ∇ satisfies the
Leibniz rule with respect to Clifford multiplication.
Fix a smooth function φ and set
g˜ := eφg.
Define operators
q+ = (γi + iJγi)ψ(∇Hi+iJHi +∇(g˜ij+i(g˜J˜)ij) ∂∂pj )/2,
q− = (γi − iJγi)ψ(∇Hi−iJHi +∇(g˜ij−i(g˜J˜)ij) ∂∂pj )/2,
q¯+ = (γi + iJγi)ψ¯(∇Hi+iJHi −∇(g˜ij+i(g˜J˜)ij) ∂∂pj )/2,
q¯− = (γi − iJγi)ψ¯(∇Hi−iJHi −∇(g˜ij−i(g˜J˜)ij) ∂∂pj )/2,
q = γiψ(∇Hi + g˜ij∇ ∂
∂pj
),
q¯ = γiψ¯(∇Hi − g˜ij∇ ∂
∂pj
).
Here Jγi := J ijγ
j .
We also define the U(1) generators
j = (i/2)gljJγ
lψγjψ.
j¯ = (i/2)gljJγ
lψ¯γjψ¯.
In analogy with the N = 2 superconformal vertex algebra, we require
these operators to satisfy
0 = (q+)2 = (q−)2 = (q¯+)2 = (q¯−)2,
[j, q±] = ±q±,
[¯j, q¯±] = ±q¯±,
and
(3) 0 = {q+, q¯±} = {q−, q¯±}.
Remark 4.1. A natural modification of this construction is to relax (3) by
including a central charge on the left hand side of that equation.
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Remark 4.2. Our choice of placement of the conformal factor eφ is moti-
vated in the following way. The natural operator to associate to the 3 form
potential theory (which we will discuss later) is of the form
γjψ∇( ∂
∂xj
)h + γjkψ∇ ∂
∂pjk
.
Upon dimensional reduction from say 11 dimensions, this yields (among
other things) the operator
γjψ∇( ∂
∂xj
)h + γj11ψ∇ ∂
∂pj11
.
The metric term g1111 now introduces a conformal factor into the last term,
and ψ which are ±1 eigenvectors of γ11 lead to barred and unbarred ψ in the
dimensionally reduced theory.
4.2. The U(1) charges. In the (worldsheet) superconformal vertex algebra
which we are trying to imitate with this target space operator algebra, the
anticommutator of the supercharges Q+ and Q− is the sum of a term analo-
gous to a Laplacian and a U(1) current corresponding to j (see for example
[11]). Our target space analog q± of the supercharges are degenerate gener-
alized Dirac operators; hence their anticommutator is given by a nonelliptic
analog of the rough Laplacian plus a curvature term. In order to mirror the
superconformal vertex algebra, j should appear as a summand of the curva-
ture term. The natural way to incorporate this is to assume that the q act
on sections of the tensor product of a Clifford module with a line bundle L.
The affine cotangent bundle may be thought of as an approximate moduli
space for connections on L. Hence the canonical connection for L pulled
back to T ∗BM would be
∂
∂xs
+ i(ps − µs).
This does not quite yield the correct commutation relation. In order to
obtain the desired algebra, we replace this connection with
∂
∂xs
+ iae−φJ ts(pt − µt),
for some real scalar a.
This introduces a curvature term into q2, given in µ = 0 coordinates by
iae−φ[γiψ, γjψ]((ViJj + g˜Jji) + J
t
j,ipt − φiJ tjpt),
which is proportional to j in the special case when the B and φ fields are
trivial, J integrable, and the connection Kahler. Here we have introduced
the notation for tensors L,
LiJk := LijJ
j
k .
We will show in the next section that (q+)2 = 0 implies that J is integrable;
so, we will assume this for the remainder of this subsection and compute in
coordinates in which the J ts are locally constant and µ = 0.
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When the B field is nontrivial, this computation suggests that we should
either modify giJk by the skew symmetric part of
a(biJk + pn(Γ
n
iJk − Jnk φi)),
or modify b, allowing it to vary in the fiber, so that this expression vanishes.
In this note we will not analyze the case with j varying in the fibers and
will postpone further consideration of b varying in the fiber. Hence, we will
assume that
(4) 0 = ΓniJj − ΓnjJi − Jnj φi + Jni φj .
When bikdx
i ∧ dxk is of Hodge type (1, 1), the skew symmetric part of bJik
vanishes. Hence, we need not modify the Kahler form ω unless b has a
nonzero (0, 2) + (2, 0) component.
Let b[2] denote the (0, 2) + (2, 0) component of b. Then the preceding
computation suggests that (for b[2] small) we replace j by
jb := (−i/2)(gJij + b[2]ij )γiψγjψ.
We cannot interpret this simply as a modification of the metric, since b is
skew. Hence, we must view this as simultaneously modifying the metric
and the complex structure. Perhaps, for b[2] small, this leads to an itera-
tive procedure for creating a new metric and complex structure determined
by b[2]. Alternatively, we might wish to alter the U(1) connection term
iae−φJ ts(pt − µt) to iae−φJˆ ts(pt − µt) for some modified tensor Jˆ satisfying
((b+ g)Jˆ ik − (b+ g)Jˆki)/2 = gJik.
We will not attempt to analyze either of these possibilities here. Hence for
the remainder of this note we impose the assumption:
(5) b[2] = 0
when analyzing systems with this symmetry algebra. Observe that under
this restriction, the condition that a section α be Lagrangian with Λ = 0
implies
(dα)[2] = αnT
n,
where T denotes the torsion tensor
T nst = (Γ
n
st − Γnts)/2.
In particular, in the torsion free case, a Lagrangian section corresponds to a
connection whose (0, 1) component determines a holomorphic structure on
a line bundle.
Remark 4.3. The connection term, iaJ(p − µ), which we have added to
our operators is defined on affine bundles but not on their quotients. Hence,
when using this construction, we are restricted to the case where the field
strength of the B field is cohomologically trivial.
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4.3. Consequences of supersymmetry. The purpose of this section is
to check the extent to which our (1 jet) target space supersymmetry algebra
reproduces standard stringy and supergravity relations between the various
fields and the geometry of M and therefore might serve as a reasonable
tool for probing our model of B fields as connections on affine bundles. We
show integrability of the almost complex structure and the expected relation
between the torsion tensor and the Kahler form follow from our algebra.
Because we have not yet narrowed down our choice of Clifford modules in
which ψ and ψ¯ sit, we will leave many relations unexplored.
We examine first the condition that
[q+, j] = −q+.
Let
Ei := (γi + iJγi)ψ,
ei := (γi + iJγi)ψ¯,
Zi = Hi + iJHi + (gij + i(Jg)ij)
∂
∂pj
,
and
Zˆi = Hi + iJHi − (gij + i(Jg)ij) ∂
∂pj
.
The commutator, [q+, j], is given by
Ei[∇Zi , j]/2 + (1/2)[igJsjgisγj − iJγi − J itgJsjgtsγj − γi]ψ|ψ|2∇Zi .
From the coefficient of ∇Zi we see that g must be compatible with the
complex structure:
gJij = −giJj,
and |ψ| = 1.
Let R denote the curvature of ∇, and let RΓ denote the curvature of the
connection Γ. In this notation, the condition that (q+)2 = 0 can be written
as
0 = Es∇ZsEt∇Zt =
EsEtR(Zs, Zt)/2 + E
sEt∇[Zs,Zt]/2 + {q+, Et}∇Zt .
Observe that
Es = [q+, xs]
and (q+)2 = 0 imply
(6) {q+, Et} = 0.
Thus we obtain
0 = EsEtR(Zs, Zt),
and
0 = [Zs, Zt].
We next compute this commutator. Observe first that
[Hs,Ht] = (Vtu,s − Vsu,t + VsvΓvtu − VtvΓvsu)
∂
∂pu
=: rstu
∂
∂pu
,
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and
[Hs,
∂
∂pt
] = −Γtsu
∂
∂pu
.
This gives
0 = [Zs, Zt] =
(rstu + irsJtu − irtJsu − rJsJtu)) ∂
∂pu
+
(g˜tu,s + ig˜Jtu,s − g˜su,t − ig˜Jsu,t) ∂
∂pu
+
+(Jvs,yJ
y
t − Jvt,yJys + iJvt,s − iJvs,t)Hv
+(i(g˜tu,Js + ig˜Jtu,Js)− i(g˜su,Jt + ig˜Jsu,Jt)) ∂
∂pu
+((Γjtu + iΓ
j
Jtu)(g˜sj + ig˜Jsj)− (Γjsu + iΓjJsu)(g˜tj + ig˜Jtj))
∂
∂pu
.
The vanishing of the horizontal component yields
(7) 0 = Jus,t − Jut,s + Jvs,yJuv Jyt − Jvt,yJuv Jys .
This, of course, is simply the condition that J is integrable on the base space,
which we assume henceforth. Thus we have obtained the usual condition
that M is a hermitian complex manifold. Integrability implies that we can
choose local complex coordinates zs. In real coordinates which are the real
and imaginary part of complex coordinates, the J ts are constant. We will
restrict ourselves to such coordinate systems.
If we assume that b, µ,Γ, g are all constant on the fibers, then the vanishing
of the terms in [Zs, Zt] homogeneous of degree 1 in p, implies
(8) RΓst = R
Γ
(Js)(Jt).
Hence TM has a holomorphic structure. The remaining vanishing condition
becomes
0 = rstu(0) − rJsJtu(0) + g˜tu,s − g˜su,t + g˜svΓvtu − g˜tvΓvsu
−g˜Jtu,Js + g˜Jsu,Jt − g˜JsvΓvJtu + g˜jtvΓvJsu,
or
(9) 0 = (btu,s + g˜tu,s)− (bsu,t + g˜su,t) + (bsv + g˜sv)Γvtu
−(btv + g˜tv)Γvsu − (bJtu,Js + g˜Jtu,Js)+
(bJsu,Jt + g˜Jsu,Jt)− (bJsv + g˜Jsv)ΓvJtu + (bJtv + g˜Jtv)ΓvJsu.
Cyclically symmetrizing in s, t, and u in (9) and using (4) gives
(10) 0 = dbstu + buvT
v
st + bsvT
v
tu + btvT
v
us +Hstu + i(∂ − ∂¯)ωsut,
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where
Hstu = g˜svT
v
tu + g˜tvT
v
us + g˜uvT
v
st,
and ωst = g˜Jst. Expanding similarly 0 = [Zˆs, Zˆt] (and continuing to assume
the horizontal lifts are the same for both barred and unbarred operators)
we obtain
(11) rstu(0) = rJsJtu(0),
and
(12) 0 = gtu,s + gtuφs − gsu,t − gsuφt + gsvΓvtu − gtvΓvsu − gJtu,Js
−gJtuφJs + gJsu,Jt + gJsuφJt − gJsvΓvJtu + gJtvΓvJsu.
Equations (11) and (8) should be interpreted as a holomorphic structure
on the affinized cotangent bundle. If we cyclically symmetrize (12) in t, u, s,
we obtain (using (4))
(13) i(∂ − ∂¯)ω = H,
where ωik = gJik. Compare to equation (2.17) in [20]. If we set
H˜stu = bsvT
v
tu + btvT
v
us + buvT
v
st,
then we also obtain
dbstu = −H˜stu.
This is similar but not identical to the usual relation (see [20]): db = −H.
4.4. Relating left and right movers. In this section, we continue to study
the consequences of our supersymmetry algebra by examining the relations
between q′s and q¯′s. Here we obtain results which suggest modifications of
our algebra are required. In particular, if we require {q+, q¯±} = 0, then
we find that M is required to be flat. In the next subsection we explore a
modification of our operators which removes this geometric restriction.
Computing the anticommutators {q+, q¯±}, we find [Zs, Zˆt] must lie in the
span of the Z ′s and Zˆ ′s, and [Z¯s, Zˆt] must lie in the span of the Z¯
′s and
Zˆ ′s. Computing these vector commutators, we have
[Zs, Zˆt] = [Zs + Zˆs, Zˆt] =
2(g˜tu,s + g˜tJu,Js − g˜tvΓvsu + g˜JtvΓv(Js)u)(
∂
∂pu
− iJuy
∂
∂py
).
Thus we see that it is in the desired span without imposing any additional
conditions.
Consider now the commutator [Z¯s, Zˆt]. It lies in the span of the Z¯
′s and
the Zˆ ′s and must be vertical. The only vertical vector in this span is 0. So,
0 = [Z¯s, Zˆt] =
2[rstv − g˜Jsv,Jt + g˜JsuΓu(Jt)v − g˜tv,s + g˜tuΓusv]
∂
∂pv
+
2i[rs(Jt)Jv + g˜sv,t − g˜JsuΓutJv − g˜tv,s + g˜JtuΓusJv](−)Jvy
∂
∂py
.
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Thus,
0 = RΓ.
The vanishing of RΓ seems to be too strong a condition. There are various
ways to remove it. We could either
(1) drop the condition that the barred and unbarred operators satisfy
the given commutation relations, as in Remark 4.1,
(2) impose aspects of the supersymmetry conditions by restricting the
space of functions rather than only restricting the geometry, or
(3) modify the definition of the q′s.
The second approach has the interesting effect that decreasing the size of the
holonomy group could increase the number of states in the Hilbert space.
Presumably the choice of one (if any) of the above solutions is dictated
by the physics being modeled. When we consider branes, we will not impose
the restrictions arising in this subsection as a consequence of the relations
between the barred and unbarred operators.
4.5. Modifying the supercharges. In this subsection, we explore weak-
ening the vanishing curvature condition by modifying our supercharges. We
find that modifications of the supercharges may be interpreted as modi-
fications of the geometry ranging from replacing the affine bundle with a
neighborhood of the diagonal in M ×M to classical analogs of noncommu-
tative geometries.
Suppose we modify our construction of the q′s in the following fashion.
We replace the vectorfield g˜st
∂
∂pt
by the field Φ(Hs), where Φ is a smooth
injective real linear map onto the vertical vectors. We assume initially that
Φ(Hs) is a perturbation of g˜st
∂
∂pt
in the following sense.
Φ(Hs)(x, p) = g˜st
∂
∂pt
+Φ1(Hs)(x, p),
where we assume, say, that
Φ1(Hs)(x, µ) = 0,
and Φ1(Hs)(x, p) is analytic in p. The previous commutation relations,
0 = [Zs, Zt] = [Zˆs, Zˆt] = [Z¯s, Zt],
and their conjugates reduce to the following simple relations:
(14) [Hs,Ht] = [Ψ(Hs),Ψ(Ht)],
and
(15) 0 = [Ψ(Hs),Ht] + [Hs,Ψ(Ht)],
where
Ψ := Φ ◦ J.
Corresponding to our expansion of Φ, we seek Ψ of the form
Ψ(Hs) = g˜Jsu
∂
∂pu
+Ψ1(Hs),
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where Ψ1(Hs) vanishes at p = µ and is analytic in p. Fix µ = 0 coordinates.
For every integer n > 0, we write
Ψ1 =
n∑
j=1
ψj +O(|p|n+1),
with ψj a homogeneous polynomial of degree j in p. It is easy to solve order
by order for the ψj (we have done so up to and including quartic order in
the case Levi-Civita connection and of vanishing B field); however, we are
forced to allow the horizontal lift data, Vsu, also to vary in p if we have to
modify Ψ beyond second order in p. We illustrate in a special case. Assume
the B and φ fields are trivial and Γ is Levi Civita. Then we may take ψ1 = 0
and satisfy (14) by setting
ψ2(Hs) =
1
3
pyg
ywpnR
Γn
w(Js)u
∂
∂pu
.
It is perhaps interesting to note that ”the lowest energy component” of this
term near p = 0 - its average over spheres - gives the Ricci tensor. Note
that with this choice of ψ2, Φ may be identified to quadratic order with
the metric obtained by pulling back the metric on M via the exponential
map (extended to T ∗M via the metric identification with TM). Thus to
lowest order we have replaced our affine geometry with a neighborhood of
the diagonal inM×M . If we wish to terminate our deformation at quadratic
order, the second condition (15) now reduces to
0 = pypnR
Γn
uts;Jwg
wy.
This condition is slightly weaker than the condition that the metric be locally
symmetric and stronger than the (Yang-Mills type) condition that D∗RΓ =
0, for an appropriately defined D. It is not clear to us that there is any
geometric obstruction to solving the pair of equalities (14) and (15) order
by order if we allow Vsu to vary in the fiber also. We have seen in (2.1) that
the latter may lead to the introduction of Chern-Simons like terms to the
field strength of the B field.
The above choice of ψ2 is not the unique solution of (14) to quadratic
order. Viewing ψ2 ◦ J as a 1 form, only its exterior derivative enters (14) at
linear order. Hence we may shift the above choice of ψ2 by any exact form.
Briefly consider now the case of nontrivial B field. We set
ψ1(Hs) =
1
2
pyg˜
yJwrwsu(0)
∂
∂pu
to solve (14) at zero order. Then (15) at zero order becomes
0 = g˜Jtu,s− g˜Jsu,t+bsvg˜vJwrwtu(0)/2−btv g˜vJwrwsu(0)/2+ g˜JsvΓvtu− g˜JtvΓvsu.
Cyclically symmetrizing in s, t, u and using (4), we obtain the deformation
of (13):
i(∂ − ∂¯)ωstu = Hstu − bJsve−2φgvJw(rwJtJu(0) − rwJuJt(0))/4
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−bJtve−2φgvJw(rwJuJs(0)−rwJsJu(0))/4−bJuve−2φgvJw(rwJsJt(0)−rwJtJs(0))/4.
The nonzero ψ1 alters the condition on ψ2. Write
ψ2(Hs) =
1
3
pyg
ywpnR
Γn
w(Js)u
∂
∂pu
+ ψ21(Hs).
Then at first order (14) becomes the relation
−1
4
png˜
nJw(rwsm(0)g˜
mJprptv(0) − rwtm(0)g˜mJprpsv(0)) ∂
∂pv
=
[g˜Jsv
∂
∂pv
, ψ21(Ht)] + [ψ
2(Hs)1, g˜Jtv
∂
∂pv
].
Interpreting the right hand side of this equation as an exterior derivative,
we see that the left hand side must be exact. I.e., computing in gij = δij
coordinates, the B field must satisfy the following quadratic Bianchi identity
0 = rusp(0)rJptv(0) + rstp(0)rJpuv(0) + rtup(0)rJpsv(0).
This restriction could be modified by allowing the B field and associated
connection to vary in the fiber. For example, consider the large B field
limit. When b is large and M is flat, we set
(g˜ + b)−1jk = h˜
jk + θ˜jk,
where h˜jk is symmetric and θ˜jk is skew. Then we can achieve our commuta-
tion relations to order O(θ) by replacing b(x) and g˜(x) by b((xs + θsmpm))
and g˜((xs + θsmpm)). This is the classical analog of the noncommutative
geometry flat lift considered in deformation quantization (see [6]) and in the
context of B fields in [19, p.12 Section 7].
5. BPS D branes
In world sheet descriptions of D branes, one associates to the D brane
a subalgebra of the original superconformal algebra, with the subalgebra
vanishing on the brane. In our target space picture, the vanishing of a
subalgebra of operators would correspond to restricting to a subspace of
functions on which the subalgebra vanishes. Such subspaces might be real-
ized, for example, by functions constant on leaves of a foliation. As we have
indicated in section 3, we will consider a more local model with D branes
given by Lagrangian submanifolds of affine cotangent bundles. Heuristically
(if we ignore bundle coefficients), we are considering a dual picture with
subspaces of functions being replaced by quotient spaces of functions; that
is functions defined on submanifolds Z. We model the statement that a D
brane preserves 1/2 the supersymmetry in the following fashion. We restrict
the operators q+, q¯−, etc. to act on functions on a subspace Z of T ∗BM . In
order to define this restriction we replace the various vector fields arising in
the definition of the q′s by their orthogonal projections onto TZ. We denote
the restricted operators by a subscript T and the projected vector fields by a
superscript T . We then interpet the supersymmetry as the assertion that 1/2
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of these restricted operators satisfy some vestigial supersymmetry algebra.
Thus, for B branes, we require that BT := q
+
T + q¯
+
T and B
∗
T := q
−
T + q¯
−
T square
to zero. For A branes, we require that AT := q
−
T + q¯
+
T and A
∗
T := q
+
T + q¯
−
T
square to zero. We further require that the tangential projection respect the
pairing between bosons and fermions in the following sense. The pointwise
linear span of the operators generated by the commutators of the tangential
supercharges with functions on Z is precisely n = dimZ dimensional. Thus
[BT , f ] and [B
∗
T , f ] for B branes and [AT , f ] and [A
∗
T , f ] for A branes span
an n dimensional space as f runs over arbitrary smooth functions on Z.
Equivalently, [BT , f ] (respectively [AT , f ]) spans an n/2 dimensional space
as f runs over functions on Z. This dimension condition could possibly be
weakened, but we will impose it as stated in this note.
We study the operators :
q+T := (γ
s + iJγs)ψ(∇HTs +iJHTs +∇(g˜st+iJg˜st)( ∂∂pt )T )/2,
q−T := (γ
s − iJγs)ψ(∇HTs −iJHTs +∇(g˜st−iJg˜st)( ∂∂pt )T )/2,
q¯+T := (γ
s + iJγs)ψ¯(∇HTs +iJHTs −∇(g˜st+iJg˜st)( ∂∂pt )T )/2,
q¯−T := (γ
s − iJγs)ψ¯(∇HTs −iJHTs −∇(g˜st−iJg˜st)( ∂∂pt )T )/2.
An interesting question which we have not explored is whether viewing,
as in subsection 4.5, some subset of the the supersymmetry equations as
modifying the operators rather than constraining the geometry leads to de-
formations of the geometry of the conormal bundle and thus of M near the
brane. Such deformations might reflect the warping of the local geometry
by the brane or perhaps recover supergravity brane solutions.
5.1. Frames adapted to Z. In this subsection we choose a frame for the
tangent vectors to Z and fix some useful notation and formulae.
Pick affine coordinates in the fiber so that we may identify Z with the
conormal bundle of a submanifold Y of M. Choose coordinates on the base
so that locally our submanifold is given by xa = 0, a > d+ 1. Indices a, b, c
will take values greater than d+1. Indices i, j, k, l,m, n will take values less
than or equal to d + 1. Indices r, s, t, u, v will take all values. With these
conventions, the tangent vectors to Z are given by ∂
∂xi
and ∂
∂pa
.
We choose coordinates on the base satisfying for all p in Y (intersect the
coordinate neighborhood)
gia(p) = 0,
for all i, a and
gab(p) = δab.
We choose coordinates in the fiber so that
µa = 0 and µj,a = 0 = bja
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on Y . We may choose coordinates at a point p so that
Γcja(p) = 0 = Vja(p).
We set
Xi =
∂
∂xi
+ Vic
∂
∂pc
.
Then Xi is perpendicular to
∂
∂pa
, and
(
∂
∂pj
,Xi) = −Viug˜uj .
Here we have taken the metric in the fiber to be
(
∂
∂ps
,
∂
∂pt
) = g˜st,
Let
σij = (Xi,Xj).
Then
σij = gij + Vikg˜
ksVjs.
With this notation, we have
HTs = gsiσ
ijXj ,
and
(
∂
∂ps
)T = g˜sbg˜bc
∂
∂pc
+ (
∂
∂ps
,Xk)σ
kjXj .
We record some useful commutators.
[Xi,Xj ] = (Vja,i − Via,j + VicV ,cja − V ,ciaVjc)
∂
∂pa
.
[Xi,
∂
∂pa
] = −Γaic
∂
∂pc
.
The assumption that Z is Λ−Lagrangian is equivalent to the conditions
that Vij − Λij is symmetric; thus
T aik = 0,
and
bik = (dµ)ik/2 + µjT
j
ik + Λik.
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5.2. B branes. In this subsection we show that in our model, BPS B type
branes are given generically by hermitian complex submanifolds equipped
with holomorphic bundles. We set
BT := q
+
T + q¯
+
T =
(γs + iJγs)(ψ + ψ¯)∇HTs + (γs + iJγs)(ψ − ψ¯)∇g˜st( ∂∂pt )T =
eˆj∇Xj + fc∇ ∂
∂pc
,
where
eˆj = gsiσ
ij(γs + iJγs)(ψ + ψ¯)− Vksσkj(γs + iJγs)(ψ − ψ¯),
and
fc = (γ
c + iJγc)(ψ − ψ¯).
First consider the supersymmetry condition that [BT , f ] span an n/2
dimensional space as f runs over functions on Z. Taking f to run over the
coordinate functions, we see that this requires that the tangent (and normal)
directions to Y be stable under J . Thus Y is a complex submanifold. In
addition, we see that Vij must satisfy
(16) VJiJj = Vij.
This implies σij is also hermitian:
σJiJj = σij.
Under the simultaneous assumptions that (4) holds and that our brane is
Lagrangian in our extended sense and that µ does not vary in the fiber, (16)
implies that Y is totally geodesic, and
µJi;Jj + µJj;Ji = µi;j + µj;i.
(We may remove the totally geodesic condition on Y if we change our choice
of connection in the restricted operators or allow µ to vary in the affine
fibers.)
Now consider the supersymmetry requirement
B2T = 0.
This gives the following separate equations.
0 = eˆj eˆkR(Xj ,Xk)/2 + eˆ
jfcR(Xj ,
∂
∂pc
) + fbfcR(
∂
∂pb
,
∂
∂pc
)/2.
(17) 0 = eˆj eˆk([Xj ,Xk],
∂
∂pc
)/2 + eˆjfb(−V ,bjc) + eˆj [∇Xj , fc] + fb[∇ ∂
∂pb
, fc].
0 = eˆj[∇Xj , eˆk] + fb[∇ ∂
∂pb
, eˆk].
As our connection splits locally as an orthogonal connection plus the term
associated with the U(1) charge, then we may write
R = RU(1) +R0,
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where R0 is trace free and
RU(1)(Xs,Xt) = Xs(iaJ
u
t (pu − µu))−Xt(iaJus (pu − µu)).
Our supersymmetry condition now requires that
0 = eˆj eˆkRU(1)(Xj ,Xk).
This reduces to the condition that the (0, 1) component of µ is ∂¯ closed;
thus µ defines a connection on a holomorphic line bundle over Y . We will
see in subsection 6.1 how to include more general sheaves in this model.
5.3. A branes. In this subsection, we will show that A branes in our model
correspond to coisotropic submanifolds of M . We will show how to choose
fermions so that in the Lagrangian case these are also special Lagrangian.
We define the operator
AT := q
−
T + q¯
+
T = E¯
s((gsiσ
ij − Vksσkj)∇Xj + g˜sb∇ ∂
∂pb
)
+es((g˜siσ
ij + Vksσ
kj)∇Xj − g˜sb∇ ∂
∂pb
),
Set
ǫj := (E¯s + es)gsiσ
ij − (E¯s − es)Visσij := ǫiσij,
and
ϕb := (E¯b − eb).
Then we may rewrite AT as
AT = ǫ
j∇Xj + ϕa∇ ∂
∂pa
.
The operators (E¯b − eb) are linearly independent for b distinct. Hence
the assumption that the span of the [AT , f ] is n/2 dimensional imposes the
condition that codimY ≤ n/2. Fixing a point and coordinates at the point
so that Vjc = 0 and gij = δij we expand
ǫj = γ
j(ψ + ψ¯)− iJγj(ψ − ψ¯)− γk(ψ − ψ¯)Vjk + iJγk(ψ + ψ¯)Vjk,
and
ϕb = γb(ψ − ψ¯)− iJγb(ψ + ψ¯).
From this expansion, it is easy to see that our dimension restriction forces
Jba = 0. In other words, J maps the normal bundle of Y to its orthogonal
complement. Hence Y must be coisotropic (see [10]).
Write
ǫ˜j := ǫj + iJ
j
aφ
a =
(iJ jk + Vjk)[−γk(ψ − ψ¯) + iJγk(ψ + ψ¯)].
Clearly the ǫ˜j are linearly independent from the ϕ
′s. Hence there can be at
most n/2− codimY real eigenvectors of (iJ jk +Vjk) with nonzero eigenvalue.
This is analogous to the relation between the complex structure and the
curvature of a line bundle discussed in [10, (10)]. However, the reality of V
and J makes this condition stronger than indicated in [10] because iJ jk and
Vjk are linearly independent over the reals. For example, if dimY = n/2
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then this forces the two matrices, iJ jk and Vjk, to vanish separately. If µ is
required to be constant in the fibers, this forces Y to be Lagrangian with
respect to J and totally geodesic, and µ restricted to Y to satisfy
µi;j + µj;i = 0.
In other words, µ restricted to Y determines a Killing vector when Y is
minimal dimension and determines a bundle with curvature given by twice
the B field. This deviation from the stringy observations is, in part, an
artifact of the Wick rotation and can be remedied by replacing g˜ by ig˜ in
the definition of the q′s. This has the effect of replacing the constraint on
the eigenvalues of (iJ jk + Vjk) by a constraint on the eigenvalues of (J
j
k +
Vjk) as expected, albeit only if we view the operator imposed conditions on
the geometry as determining the Λ in the holonomic condition rather than
supplementing an earlier prescribed condition.
We may recover the special Lagrangian predictions for A branes if instead
of taking ψ to be a real fermion, we assume that it is complex and satisfies
Jγjψ = iγjψ. Once we have introduced these complex fermions, it is easy
to see how to bring in Calabi Yau geometry. For example, if we assume
that ψ is Majorana-Weyl, then we see that ψ∗ can be obtained from ψ by
Clifford multiplication by an (n,0) form Ω. If we take ψ to commute with the
covariant derivative then ψ∗ does also if and only if Ω is covariant constant,
and, therefore, M is Calabi-Yau. Let us next study the implications for A
branes of this more constrained system.
Under this alternate formalism with complex ψ and g˜ → ig˜, we have
AT = ǫ
j∇Xj + iϕa∇ ∂
∂pa
,
where now
ϕa = γa(ψ∗ − ψ¯),
and
ǫj = iγs(ψ∗ − ψ¯)(giJs − Vis)σij .
Thus we immediately recover the coisotropy of Y and the relation giJk−Vik
has at most n/2− codimY nonzero eigenvalues. (Recall here that i, k index
tangential directions.) This still leaves us with the condition that Y be
totally geodesic. This latter condition is easily removed, however, if we
slightly alter our construction by replacing the connection restricted to Y
by its projection to the tangent space of Y . In other words we pass to
the induced connection preserving TY ⊂ TM|Y . Because we also will be
treating the conormal bundle, we make a corresponding projection of the
connection there. This change of connection is not generally compatible with
the conditions that ψ and ψ∗ be covariant constant (restricted now to Y ) and
that the connection be compatible with the Clifford algebra structure. To see
this, consider the case that Y is Lagrangian, and let c(dvY ) denote Clifford
multiplication by the volume form, dvY , of Y . Now as Y is Lagrangian, we
have
ψ∗ = ac(dvY )ψ,
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for some nonzero scalar function a defined by
Ω|Y = advY .
Assuming our connection is metric compatible, it commutes with c(dvY ).
Hence ψ∗ is no longer covariant constant unless a is constant. Thus we see
that if we require ψ and ψ∗ to be covariant constant on Y with respect to
the induced connection, then Y must be special Lagrangian.
6. Singular branes
6.1. B branes and sheaves. In this subsection we explore possible rela-
tions between our B brane construction and coherent sheaves. Consider, as
a basic example, the ideal sheaf ID for a smooth divisor D. Let zα be a
local defining function for D on the open set Uα. Then an element of ID
can be written zαf , for f a holomorphic function. The exterior derivative
of zαf is given
d(zαf) = zαdf + zα
dzα
zα
f.
Consider the brane given, in some choice of affine coordinates pα on Uα\(D∩
Uα) by the graph of the resulting connection form, the singular one form
dzα
zα
. We will call branes locally defined as the graph of a singular section
singular branes. Clearly smooth affine transformations cannot transform
singular branes to nonsingular branes. Let gαβ = zα/zβ. Let A1 denote the
sheaf of smooth 1 forms. Then we must have
pα − pβ = dln(gαβ).
The Cech cocycle dln(gαβ) ∈ C1(A1), is a coboundary since A1 is a flabby
sheaf. Hence, there exist smooth 1 forms sα so that
dzα
zα
+sα patches together
to give a globally defined submanifold of T ∗M , and we recognize this n =
dimM brane as a submanifold of the trivial affinization of T ∗M . It is not,
however, equivalent under a smooth affine transformation to the brane given
by the zero section because it is singular. The interpretation of D branes
as objects in the derived category of sheaves suggests the consideration of
smooth homotopy classes of formal linear combinations of our mechanical
D branes. For example, let α and β be two smooth sections of T ∗M . Let
[α] and [β] denote the corresponding branes. Then [α] is homotopic to [β]
through the branes [(1− t)α+ tβ], 0 ≤ t ≤ 1. On the other hand, returning
to the example of the ideal sheaf and the structure sheaf and repeating this
construction, we see that
[(1− t)(dzα
zα
+ sα)], 0 ≤ t ≤ 1,
is not a smooth homotopy between the zero section brane and the ideal sheaf
brane because (1 − t)dzα
zα
is not smooth for t < 1. Instead, perhaps after
closing the homotopy relation under some appropriate limit, we have that
the ideal sheaf is homotopic to the zero section minus a brane given by the
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conormal bundle of D. The adjunction formula suggests that we identify
the sheaf OD with the conormal bundle of D. Hence this homotopy relation
can be viewed as a geometric realization of the following exact sequence of
sheaves:
0→ ID → O → OD → 0.
6.2. Stringy Cohomology. In this subsection, I speculate about ways in
which stringy cohomology might be related to L2 cohomology of B type D
branes. In fact, the problem of understanding B fields sufficiently well to
see how they might effect L2 cohomology was the initial impetus for this
investigation. The remarks and computations here are mostly heuristic;
many details remain to be clarified.
Let X be a singular variety, and let π : X˜ → X be a desingularization.
We assume that in the complement of the singular set of X, the Kahler form
of ω˜ of X˜ pulls back to X as
ω = ωX + aiωi, ai > 0, 1 ≤ i ≤ h,
where ωi is the curvature of a holomorphic line bundle Li on X˜. Assume
that these bundles admit a flat connection when restricted to π−1Xsmooth.
Let Ai denote the 1 forms on Xsmooth given by
Ai = DLi − dLi ,
where the connection DLi has curvature ωi and dLi is the flat connection.
Let
ωt = ωX + tiωi,
and consider the family of smooth varieties Xt with Kahler form ω
t. Then
the question we wish to investigate is how to compute on X0, from an
analytic perspective, the cohomology of Xt, t > 0. Stringy cohomology
([21]) gives a physical solution to this problem; several of the mathematical
interpretations of stringy cohomology (see for example [3]) give algebraic
solutions. Here we seek a de Rham type solution to this problem.
The cohomology of Xt can be realized as the cohomology of the operator
BT = q
+
T + q¯
+
T when we identify Xt with the n = dimXt brane defined by
the zero section of T ∗Xt equipped with the trivial affine structure. This
realization of the cohomology does not adequately reflect the metric data.
To encode the metric, we instead consider the family of n branes on X˜
determined by the metric ωt as follows. In coordinates where µ = 0, equip
T ∗X˜ with the B field ωt. For this affine bundle to admit Lagrangian sections
σt, it is necessary that either we allow torsion or that dσ = b. Let us consider
the torsion free route here. The assumption that there exists a primitive for
b which is a section of our affine bundle implies that, for b nontrivial in
cohomology, the affine bundle is affine inequivalent to T ∗X˜, even though b
is globally defined. Now consider a D brane given by such a Lagrangian
section. The BT cohomology of this brane should be isomorphic to the
cohomology of X˜.
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We would like to compare D branes determined by ωt on X˜ to a D brane
determined by ωX = ω
0 on X. In order to do so, we identify Xsmooth
with π−1(Xsmooth). By assumption, the ωi are exact on Xsmooth, but their
primitives may be unbounded. Nonetheless, the exactness implies that, upon
restriction to Xsmooth, there is an unbounded affine equivalence between the
affine structure determined by ωt and that determined by ω0. We see this
equivalence as follows. Let vta be primitives for ω
t − ω0 on open sets Ua.
Hence, σta − vta is a primitive for ω0. Let st be a primitive for ωt − ω0
on Xsmooth. Then v
t
a − st = dlta, for some lta. Hence vta − vtb = dlta − dltb
is a trivial Cech cocycle. In particular, making the change of coordinates
pa → pa − dlta gives new coordinate systems whose transition functions are
determined by the transition functions for σta − vta, and thus by ωX . So, we
have two questions
(1) How does the passage from σt on X˜ to st over Xsmooth alter the
cohomology?
(2) How does the passage from st to s0 = 0 alter the cohomology?
Our expectation is that the first change does not alter the cohomology
whereas the second does, perhaps under additional hypotheses. We explore
the second transition in an example.
Consider C2/Z2. Then if X˜ is the blowup of the corresponding cone, we
can take ω1 to be ddcln(|z1|2 + |z2|2). So, we might take st = ts, where
s = dcln(|z1|2 + |z2|2) = x1dy1 − y1dx1 + x2dy2 − y2dx2
(|z1|2 + |z2|2) .
Identifying (z1, z2) with the quaternion q = x1 + iy1 + x2j + y2k, the map s
becomes, in an appropriate frame, the involution
s(q) = iq¯−1.
So, we wish to study the family of sections ts as t→ 0. Outside a neigh-
borhood of the origin in C2/Z2, the section converges to the zero section.
In order to understand the behavior interior to a ball of radius ǫ about the
origin, it is useful to change perspective and view the section st as the graph
of a function φt from (T ∗0C
2) \B t
ǫ
(0) to the affine bundle, given in suitable
quaternionic coordinates by
φt(p) = itp¯−1.
This converges in any reasonable sense to the fiber T ∗0C
2, a D0 brane. So, our
limiting brane, as t→ 0 becomes C2/Z2∪T ∗0C2. What is the BT cohomology
of this brane? Presumably, it is given by the sum of the cohomology of the
2 components. Observe that the vertical component is contractible, but its
cohomology operator BT is given by
(γi + iJγi)(ψ − ψ˜) ∂
∂w¯i
+ a(γi + iJγi)(ψ + ψ˜)wi,
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wi complex coordinates on the fiber. In particular, BT + B
∗
T squares to a
multiple of
∆ + a2|z|2 + iaγj(ψ − ψ¯)Jγj(ψ + ψ¯)/2.
This is a superharmonic oscillator and has a one dimensional kernel. Hence,
in this example, the limiting brane cohomology is 1 dimensional, as is the
stringy cohomology. It would be interesting to prove rigorously the results
sketched here and to generalize to wider classes of singularities. It is not
clear, however, that this will lead to an effective method for computing onX0
the stringy cohomology because determining the limiting vertical component
of the brane may be more formidable than determining the cohomology
itself.
7. Noncommutative deformations
7.1. U(1) Yang-Mills. In this section, we use the interpretation of B fields
as connections to construct deformations of supersymmetric abelian Yang-
Mills.
The supercharges of the form
γjψ(∇ ∂
∂xj
+ (gjs + µj;s + bjs + pnΓ
n
js)∇ ∂
∂ps
),
suggest, for flat space, a supersymmetry transformation
δ˜ǫAs = iǫ¯γ
j(gjs + bjs + µj,s)ψ.
The infinitesimal gauge transformation associated to a function T which
acts as
δTAi = Ti,
fixes b and replaces µj,s by Tjs. The commutator of a gauge and susy
transformation gives
[δ˜T , δǫ]Ai = ǫ¯Tijγ
jψ.
In order to view this as an operator in our algebra, we would need to allow
nonconstant susy parameters. We may remedy this by an operator reorder-
ing, redefining our supersymmetry transformation to be
δǫAs = iǫ¯γ
j(gjs + bjs)ψ + (iǫ¯γ
jµjψ)s.
With this interpretation, we have
(18) [δT , δǫ]As = (iǫ¯γ
jTjψ)s = δiǫ¯γjTjψAs.
The definition of the supersymmetry transformation on fermions implied
by the above supercharge is less obvious. Comparing to the undeformed
susy U(1) Yang-Mills, suggests the association
γ0γjgsj∇ ∂
∂ps
→ γ0γjAj,0 → γ0jFj0 → γpqFpq/2,
where
F = dA.
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If we view the b field as a component of a generalized metric, we leave the
action on fermions undeformed :
δǫψ = −Fpqγpqǫ/2,
but replace the algebra of gamma matrices with
{γp, γq} = (g + b)−1pq .
This implies that we should leave the fermions gauge invariant.
We compute the closure of this algebra. Let ǫ and f be susy parameters.
Then
[δf , δǫ]As = [(gjs + bjs)(−Fpq)− (µjFpq)s]iǫ¯γjγpqf/2− (ǫ↔ f)
= 2(Fqs − (g + b)−1pj (µjFpq)s)iǫ¯γqf.
In the flat space, constant b field case this gives
2(As,q − ((g + b)−1pj µjFpq +Aq)s)iǫ¯γqf.
Thus we have closure on Poincare plus gauge as usual, but the gauge pa-
rameter is altered by −(g+ b)−1pj µjFpqiǫ¯γqf. Computing the commutator on
fermions yields
[δf , δǫ]ψ = −(if¯γpψ)qFpqγpqǫ− (ǫ↔ f).
In the flat space, constant b field case, this gives the usual (zero B field) clo-
sure relation, and so after a Fierz manipulation can be reduced to Poincare
modulo equations of motion.
We now consider the relation between this algebra and the supersym-
metric noncommutative Yang-Mills. See, for example, [17] for a treatment
of supersymmetric noncommutative Yang-Mills. Our point of departure is
that gauge parameter redefinitions should be determined by the attempt to
make the gauge transformations commute with the supersymmetry trans-
formations.
Write
(g + b)−1jk = G
jk = hjk + θjk,
where θ is skew and h is symmetric. Write
γs = Gjsγ
j .
Consider the change of gauge parameter
T → T [1] := T +GjkTkAj.
Write
δ
[1]
T = δT [1] .
Then we have
[δ
[1]
T , δǫ]As = (iǫ¯G
kj(T [1] − T )jγkψ)s − (GjkTk(iǫ¯Gmlγmµlψ)j)s = O(b−2).
If S is a second gauge parameter then
[δ
[1]
T , δ
[1]
S ]As = δ2θjkSkTj +O(b
−2).
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Solving order by order for field and gauge parameter redefinitions which
make the gauge transformations commute with the supersymmetry trans-
formations, thus leads (if such redefinitions exist) to a noncommutative de-
formation of the gauge symmetry. By the uniqueness results of [13], this
must be equivalent to the usual supersymmetric Yang-Mills theory. Hence
we see that realizing 2 form potentials as connections leads to an extremely
simple formulation of the commutative (but B field deformed) version of
noncommutative Yang-Mills.
7.2. 3 form deformations. We now consider deformations of supersym-
metry algebras associated to a 3 form potential cijk in flat space. The
observations of this subsection were aided by closely related computations
in [14].
We first consider an analog for
∧2
C T
∗ of the system of operators q, q¯
defined T ∗BM . We set
q+2 = γ
iψ∇( ∂
∂xi
)h + γikψ∇ ∂
∂pik
,
q−2 = γ
iψ∗∇( ∂
∂xi
)h + γikψ
∗∇ ∂
∂pik
,
q¯+2 = γ
iψ¯∇( ∂
∂xi
)h + γikψ¯∇ ∂
∂pik
,
and
q¯−2 = γ
iψ¯∗∇( ∂
∂xi
)h + γikψ¯
∗∇ ∂
∂pik
,
where ψ and ψ¯ are complex spinors which square to zero in their associated
Clifford algebra and are in the +1 eigenspace of Clifford multiplication by
the volume form. (For maximal overlap with the q±, q¯±, we could further
assume that at each point x of M , ψ and ψ¯ are highest weight vectors of
a maximal torus Tx ∈ spin(TM). This implies the existence of a maximal
rank 2 form, ωT , defined on M .)
Dimensional reduction on a trivial circle fiber of a system with the above
operators leads to the consideration of quantum mechanical systems defined
on bundles with fibers locally modeled on T ∗M ⊕ ∧2 T ∗M with operators
of the form
q3 = γ
iψ∇( ∂
∂xi
)h ± γiψ∇ ∂
∂pi
+ γikψ∇ ∂
∂pik
.
We have not yet analyzed such systems, except to motivate how to realize
the dilaton in the q′s.
The connection and operators we have now associated to a 3 form po-
tential and our examination of deformations associated to 2 form potentials
suggest that the 3 form potential deforms a supersymmetry algebra in the
following fashion. Define
δǫpjk = ǫ¯γjkψ + cjkiǫ¯γ
iψ + (bik ǫ¯γ
iψ)j + (bjiǫ¯γ
iψ)k.
Let T be a 1 form gauge parameter with
δTψ = 0,
MECHANICAL D BRANES AND B FIELDS 31
and
δT pjk = Tk,j − Tj,k.
Then
(19) [δT , δǫ]pjk = (dTik ǫ¯γ
iψ)j + (dTjiǫ¯γ
iψ)k = δW pjk,
where W is the gauge parameter
Wk = dTik ǫ¯γ
iψ.
It is more difficult than in the Yang-Mills case to find a modification of the
gauge parameter which removes the gauge transformation on the righthand
side of (19) because of the mismatch in multiplicity of γ factors. If we
assume that we are acting in a 6 dimensional spacetime and that c is large
and self dual, then there is a mechanism for matching the γ factors to first
order in c−1. Set
hmn = gmn + cImc
I
n,
where I runs over skew double indices, and set
Θijk = cijl h
lk.
The selfduality constraint on c implies that h is conformal to g. Hence, Θ
is skew. Consider the parameter redefinition
T˜m = Tm + dTsmpjkΘ
jks.
Assume for simplicity that c and g are constant. Then
[δT˜ , δǫ]pmn = (d(T˜ − T )inǫ¯γiψ)m + (d(T˜ − T )miǫ¯γiψ)n
−(dTsn(Θjksǫ¯γjkψ − gilhlsǫ¯γiψ + (bikΘjksǫ¯γiψ)j + (bjiΘjksǫ¯γiψ)k))m
+(dTsm(Θ
jksǫ¯γjkψ + (−hlsgil)ǫ¯γiψ + (Θjksbikǫ¯γiψ)j + (Θjksbjiǫ¯γiψ)k))n =
O(c−1).
If S is a second gauge parameter, then we have
[δS˜ , δT˜ ]pmn = (dTsndSjkc
jk
l h
ls)m − (dTsmdSjkcjkl hls)n − (S ↔ T ) +O(c−2).
Thus we find the first order variation in the gauge algebra of one forms
induced by a three form:
[S, T ] =
1
3
ΘjklijikildT ∧ dS,
where we have used ij to denote interior product by
∂
∂xj
. Compare to the
Poisson deformation associated to a 2 form θ:
[f, F ] = θjkijikdf ∧ dF.
There is not an obvious gauge parameter redefinition which allows us
to extend the vanishing of [δT˜ , δǫ] to higher order in c
−1. We have been
imposing the vanishing of this commutator as the condition which selects the
deformation of the gauge symmetry. Hence, in order for the representation
of the 3 form potential as a connection on an affine bundle to define the
deformation of the gauge symmetry to higher order, we must choose a normal
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form (other than zero) for [δT , δǫ] (or perhaps deform the susy parameters).
We do not pursue this higher order deformation here.
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